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The variation in distribution from observation (stand) to observation is
handled with a multiple regression model. The J-Sb parameter is not used
directly; we transform them into four fractiles (I11.B.2) which are regressed
(II1.B.3). No effort is made to restrict the distribution to achieve the given
D, on each stand. The D, found is nearly equal to the given (Table 7). The
regression functions are given in Table 3. The J-Sb parameters are then
found from the transformation (II1.B.6). Calculation of the distribution is
done by (I11.A.3).

The curve (I111.C.1) is used to fit heights. As H, and Hj are given the
curve should reach these measures on each stand. A mathematical algorithm
is developed to ensure this. As a matter of fact H,, H; and the diameter
distribution determine the height curve completely.

The functions are tested against the independent testing material. Resuits
are given in chapter IV. These tests reject my functions. Judgement should
not depend solely on these tests. The Chi-square test will reject any hypot-
hesis if the number of observations is high enough. A judgement must be
made from a forestry point of view. To do this several plots are studied. Figs.
6, 7, 8, 9 show the diameter distribution accumulated over all stands. Figs.
10, 11 show the mean residual between observed and calculated heights. In
appendix 3 plots of single stands are given. From these plots we have conclu-
ded that the functions have an acceptable fit.

Diameterfordelinger og heydekurver for ensaldrede bestand av
Pinus sylvestris L.

Hensikten med dette arbeidet er & lage funskjoner som beskriver diame-
terfordelingen og heydekurven til bestand av ensaldret furu. Bestandspara-
metre er & betrakte som kjente og funksjonene kan basere seg pa disse. Et
antall kjente bestand er grunnlag for beregningene. Materialet er beskrevet
i kapittel II. Materialet omfatter badde tynninger og stdende bestand. Mate-
rialet er blitt delt (tilfeldig) i to grupper, beregningsmateriale og testmate-
riale, henholdsvis. Funksjonene utvikles pd beregningsmaterialet. Disse testes
sd mot det uavhengige. testmaterialet.

Johnsons system b fordeling (J-Sb) er brukt for & tilpasse diameterfor-
delingen. J-Sb er en fire-parameterfordeling ((II1.A.1), (IIL.A.3)) som kan
variere skala, lokasjon og form. J-Sb er en transformasjon av en normalfor-
delt variabel. Det omrade av «former», mdlt i skjevhet og kurtosis som J-Sb
kan oppné dekker det omrdde som diameterfordelingene hovedsakelig befin-
ner seg i (Fig. 2, 3, 4 og 5).

Vi har brukt sannsynlighetsmaksimeringsprinsippet ved estimering av
parametrene pd hvert bestand. Variasjonene fra bestand til bestand er hand-
tert i en multippel regresjon, der bestandsdata er uavhengige variable. J-Sb
parametrene er ikke brukt direkte, de er transformert til faste fraktiler
(IT1.B.2) som brukes som avhengige variable i (II1.B.3). Regresjonskoeffi-
sienter er gitt i tabell 3. For 4 finne fordelingen p& en bestemt bestand, ma
vi forst beregne fraktilene (111.B.3) (tabell 3) sa transformere tilbake til J-Sb
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parametrene ved (II1.B.6). (En slik «tilbake transformasjon» kan ikke alltid
utfares. (I11.B.4) og (I1L.B.5) gir betingelser for & kunne gjere det.) Forde-
lingen beregnes sd ved (I11.A.3).

D, inngdr som uavhengig variabel i regresjonsberegningene. D, er ogsi
en egenskap ved fordelingen. Dette er det ikke tatt hensyn til under bereg-
ningene. Det har vist seg at den beregnede D, ikke avviker mye ifra den
oppgitte.

Kurven gitt ved (III.C.1) er brukt som heydekurve. Da H, og H; skal
betraktes som kjente, burde kurven oppnd disse méal pd hvert bestand. En
algoritme er utviklet slik at det vil skje. Faktisk vil Hy, H; sammen med den
funne diameterfordelingen bestemme haydekurven fullstendig. Kurven av-
henger derfor ikke av noc observert hgydemateriale.

Testresultater mot det uavhengige testmaterialet er gitt i kapittel IV.
Testene er stort sett signifikante, dvs. materialet motsetter seg funskjonene.
Kji-kvadrat test er darlig egnet i slike situasjoner da den vil forkaste enhver
hypotese bare vi har mange nok observasjoner. Det er nedvendig & foreta en
«skoglig» vurdering av resultatene. Selvom det er «signifikant» forskjell imel-
lom teori og virkelighet, hvor stor, hvor viktig er denne forskjellen? Ut fra
slike betraktninger er metoden funnet tilstrekkelig god. I fig. 6, 7, 8 og 9 har
vi summert diameterfordelingene for hele materialet. Dette vil vise hvor godt
funksjonene treffer midlet over en hel «skog» med den sammensetning vart
materiale har. I fig. 10 og 11 er gjennomsnittlig avvik imellom observerte og
beregnede hayder skrevet ut for hver diameterklasse. De beregnede heyder
synes «for store» for de hayde diameterklasser. Dette kan henge sammen med
at diameterfordelingen (og dermed plasseringen av H,) er darlig bestemt i
denne enden. I appendiks 3 finnes plot over en del enkeltfelter.
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Appendix 1

Age at breast height (years)

Alder ved brysthayde (ir)

Top Height, aritmetric mean height of 100 largest (according to dia-
meter) trees per hectare (m)

Overhpyde. Aritmetisk middel av de 100 grovste treer per hektar (m)
Number of standing trees after thinning (per hectare)

Antall treer etter tynning pr. ha

H (Lorey) after thinning (m)

Grunnflateveid middelhgyde (m) etter tynning

Basal area mean diameter after thinning (cm)
Grunnflatemiddelstammens diameter etter tynning (cm)

Basal area after thinning (m? per hectare)

Grunnflatesum etter tynning (m? pr. ha)

Volume after thinning (m?* per hectare)

Volum etter tynning (m° pr. ha)

Number of removed trees (thinnings) (per hectare)

_Antall uttatte treer (tynning) pr. ha

H (Lorey) of removed trees (thinnings) (m)
Grunnflateveid middelhpyde, tynning (m)

Basal area mean diameter of removed trees (thinnings) (cm)
Grunnflatemiddelstammens diameter, tynningsuttak (cm)
Basal area of removed trees (thinnings) (m? per hectare)
Grunnflatesum, tynningsuttak (m? pr. ha)

Volume of removed trees (thinnings) (m? per hectare)
Volum, tynningsuttak (w’ pr. ha)

H -Lorey, either H, or Hj

enten Hyeller Hy

either D, or Dy

enten D; eller D

Site index. Hy at Ty 3 = 40 years (m)

Bonitet. Hyved T4 = 40 ar (m)

Actual number of thinned trees

- _Faktiskt antall tynnede treer

Actual number of standing trees

Faktiskt antall stdende treer

Either N5 or Ny

Enten Ny eller N,

Either n, or nj

Enten ny eller ny

This symbol above any parameter denotes «estimate of»

. Skrevet over et tegn betyr «estimat»

A diameter where «- 100 % of the trees have smaller diameters
En diameter slik at o100 % treer er tynnere

Cumulative standard normal distribution

Kumulative standard normalfordeling
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J-Sb Johnson System b distribution

P(.)

Johnson System b fordeling

Location parameter in J-Sb (¢ equals D)
Lokasjonsparameter i J-Sb (£ lik Dyin)
Scale parameter in J-Sb (¢ + X equals Dpax)
Skalaparameter i J-Sb (¢ + A lik Dp,,)
These parameters in J-Sb determines the «form» of the distribution.
Formparametre i J-Sb

Skewness

Skjevhet

Kurtosis

Kurtosis

Diameter of a single tree

Diameter pa et enkelt tre

Height of a single tree

Hoyde pa et enkelt tre

Basal area of a single tree

Grunnflate pa et enkelt tre

Vector of some stand parameters

Vektor av bestandsparametrene
Probability

Sannsynlighet
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Appendix 2

Maximum likelihood estimation of J-Sb parameters

Consider observations dy, . . ., d,, stochastically independent realisations
from a J-Sb.

In this material the m diameters are grouped into 2 cm classes. We know
the class frequencies and also the class means. This involve somewhat more
information than pure grouped data. LAMBERT (1970) has estimated J-Sb
parameters with maximum likelihood of grouped and ungrouped data (as if
they were ungrouped). He concluded that the grouping did not affect the
estimates much. Here the data are used as if they were original diameters.
(Each class mean is weighted with the class frequensy.)

The log likelihood is

m
In(fd,, . . ., dn) = —%ln(Zn) + mind + mink—2 In(d;~§)

m m 2
= —d) = 16X 4 di_ ]
2 Ino+g—d) — vz [y zsln—LHE_di

to ease notation set

In; = ln—g—d"—
)\.‘FE —d;

Differentiation of log likelihood yields equations

8 = —rn——_
/ Sin2— (0 iniz)
' m

) Zin,@

m

’?:

where estimates of £, A have been inserted in In;. This is as usual with normal
distribution. (1n; then being the observations.) To solve for £ and A the fol-
lowing equations must be solved:

dln(f(d; , . . ., dw) _
o

dln(fd,, . . ., dw) _
oA
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where v, 8 are inserted after differensiation. These equations may be solved
by Newtons method.

Starting values of € and A Was
Eo = dmin—A

M = dpax—EotA

were

dmax—dmi
A = Smax min
v m

My motivation is as follows:

T
R

Define fi= (1+exp[

Now

E(dmin) = E + A f|
E(dmax) = E + )\- : fm

(The inverse image (J-Sb) of expectiation of ordered observations from
uniform distribution.)
Solving the above equation with expectation removed gives

- Amax—dmin)
= dmin—( max min
E fm—'fl

fi

— (dmax_dmin) - dmaxndmin
- (—E+tmax— Smin] — Zmax _—min
& dma E fm_'fl fm_fl
1 _fm
f, is dependent of &, y. Setting =1, y=0 then
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and the f,’s are independent of parameters.

f"‘T“fl is fairly approximated by Vm as the table shows:
1

Table appendix 2.

m Vm fmgfl
10 3.16 2.76
20 4.47 4.17
30 5.18 5.12
40 6.32 6.1
50 7.07 6.8
75 8.66 7.8

100 10.00 9.2

500 22.6 16.7

1000 31.6 20.9

Better «fit> may be achieved by other exponents, if of interest.

In some observations the process (Newton) did not converge. This may be
due to the exictence of a path of the likelihood on which it is unbounded
(LAMBERT, 1970). For these observations the starting values of £ \ were
used. The stopping criterion used was to stop at stage k if

=M )® + E—Ei 0 < 0001
Mt + Ek—lz '

k was also limited to 50. Usually the prosess stopped after about 3—4 iter-
ations.
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Appendix 3

Plots of diameter distributions and height curves
on some spesific stands at spesific ages

The plots are computer made. The plot consist of both the diameter
distribution and the height curve. The histogram is the observed diameter
distribution (2 cm classes). The «*» curve is the distribution calculated from
the functions. (The abcissa is the diameter, the ordinate is the fraction of
trees. The «<DMIN>» indicate the diameter at the «origo» of the plot.) The
right part of the plot concernes the height curve. The «X» indicate observed
height, the «*» is the calculated height curve. if the deviance between obser-
ved and calculated height is less than 1 m no «X» is plotted. (The abcissa is
the diameter, the ordinate is the height in meters.) Also the no. of observed
trees, the Chi-square test, the H;, the observed and the calculated Dy is
given.

These plots show how the functions fit to an independent set of observed
stands. One might get an idea on how the functions work without the need
to know all the mathematical background.
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