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Abstract Guessing is a familiar activity, one we engage in when we are uncertain
of the answer to a question under discussion. It is also an activity that lends itself to
normative evaluation: some guesses are better than others. The question that
interests me here is what makes for a good guess. In recent work, Dorst and
Mandelkern have argued that good guesses are distinguished from bad ones by how
well they optimize a tradeoff between accuracy and specificity. Here 1 argue that
Dorst and Mandelkern’s implementation of this idea fails to satisfy some plausible
constraints on good guesses, and I develop an alternative implementation that sat-
isfies the relevant constraints. The result is a new account of good guesses which
retains the positive aspects of Dorst and Mandelkern’s proposal, but without the
drawbacks.
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1 Introduction

A five-horse race is about to start. You don’t know which horse is going to win, but
here are their respective winning chances:

Ajax Benyji Cody Dusty Ember
60% 18% 14% 6% 2%
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Take a guess: Who do you think is going to win?

There are many guesses you could make. But some guesses are clearly better than
others. While ‘Ajax’ and ‘Ajax, Benji, or Cody’ both seem like fine guesses, ‘Dusty’
and ‘Cody or Ember’ both seem like terrible ones. What explains the difference?
What makes for a good guess? That is the question I want to address in this paper.

There are at least two reasons for being interested in this question. First, as we
will see, good guesses turn out to exhibit some striking patterns that call out for
explanation in their own right. Second, the notion of guessing has itself been put to
explanatory use in recent attempts to shed light on the cognitive attitudes of thinking
and believing (Hawthorne et al., 2016; Holguin, 2022). I won’t here take a stance on
whether these deployments of the notion of guessing are apt. But if the notion of
guessing is to do substantive work in epistemology or elsewhere, it would at least be
good to have a basic understanding of what makes for a good guess.

Perhaps the most systematic attempt to develop an account of good guesses
comes from a recent paper by Dorst and Mandelkern (forthcoming), who argue that
good guesses are distinguished from bad ones by how well they optimize a tradeoff
between accuracy and specificity. As we will see, there is much to recommend their
proposal. Their central idea, that good guesses optimize a tradeoff between accuracy
and specificity, seems to me a promising one. Nonetheless, I will argue that their
implementation of this idea fails to satisfy some plausible constraints on good
guesses (Sects. 2-3), and I will develop an alternative implementation that satisfies
the relevant constraints (Sect. 4). The result will be a new account of good guesses
which retains the positive aspects of Dorst and Mandelkern’s proposal, but without
the drawbacks.

2 Dorst and Mandelkern on good guesses

Let us start by asking: what do we want from our guesses? We obviously want them
to be correct—we want to make accurate guesses. But accuracy cannot be all we
care about. After all, it is easy to ensure that your guess is correct: just guess the
disjunction of every possible outcome! In the horse race scenario, this would
amount to guessing ‘Some horse will win.” That’s clearly not a good guess. We also
want to fake a stand on things—to make a specific guess, one that narrows down the
set of possibilities under consideration." These goals directly compete: the more
specific your guess is, the less likely it is to be accurate; and the less specific it is, the
more likely it is to be accurate. Thus, we face a tradeoff: we must strike a balance
between making guesses that are likely to be accurate, but not too unspecific;
specific, but not too unlikely to be accurate. In making this tradeoff, some agents
might be more or less “risk-averse” than others. Someone who is risk-averse (in this

! Dorst and Mandelkern use the term “informativity” to refer to what I'm calling “specificity” here.
Nothing of importance turns on this choice of terminology, but I prefer the term “specificity” because the
term “informativity” is sometimes used by information theorists for a different purpose (roughly, to
capture how much an agent would learn from coming to know with certainty that a given proposition is
true).

@ Springer



Good guesses as accuracy-specificity tradeoffs 2027

sense) will place more weight on accuracy than specificity, whereas someone who is
risk-taking will place more weight on specificity than accuracy. And what
constitutes a good guess depends on how risk-averse or risk-taking you are: a good
guess is one that optimizes your preferred accuracy-specificity tradeoff.

This summarizes the basic idea behind Dorst and Mandelkern’s proposal. My
concern here is how this idea is best made precise, so I'll will begin by taking a
closer look at the details of Dorst and Mandelkern’s account. We begin with a set of
possibilities, W, which we think of as the set of scenarios or “possible worlds” that
are compatible with what the agent is certain of. A question, Q, is a partition of W: a
set of mutually exclusive and exhaustive subsets of W.” The cells of the partition are
the complete answers to Q. The size of Q, denoted 10|, is the number of complete
answers to Q. The agent’s credences are represented by a probability function, P,
which is defined over the subsets of W. Since the agent is certain of W, and since the
complete answers form a partition of W, the agent is certain that exactly one of the
complete answers is correct.

To illustrate these definitions, let us they apply them to the horse race example.
The question under discussion is: “Which horse is going to win?” There are five
complete answers: {Ajax, Benji, Cody, Dusty, Ember}. The size of the question is:
IQl = 5. And the probability distribution over the complete answers is: {Ajax: 60%,
Benji: 18%, Cody: 14%, Dusty: 6%, Ember: 2%}.

That is the basic setup. Next, we need to make precise the idea that good guesses
optimize an agent’s preferred accuracy-specificity tradeoff. To this end, Dorst and
Mandelkern assign to each answer, p, an answer-value, V(p), which represents how
good it would be to guess p in response to the question under discussion. Since we
want our guesses to be accurate, the answer-value of p depends, in part, on whether
p is true. So, whenever you’re uncertain about whether p is true, you will be
uncertain of p’s answer-value. Still, you can form an expectation of p’s answer-
value. Let V*(p) be p’s answer-value if true, and let V_(p) be p’s answer-value if
false. The expected answer-value of p is then given by the following weighted
average:

E(p) = P(p) - V*(p) + P(~p) - V" (p).

According to Dorst and Mandelkern, this is the quantity one should aim to maxi-
mize when forming one’s guess. That is, Dorst and Mandelkern propose the fol-
lowing norm of guessing:

Guessing as maximizing: A guess is permissible iff no other guess has a higher
expected answer-value.

Before we can derive any predictions from this norm, we need to say more about
what determines the answer-value of a guess. Recall that the answer-value of a
guess is supposed to depend on two factors: its accuracy and its specificity. To

% This way of modelling questions, as partitions of logical space, draws on classic work on the semantics
of questions—see, e.g., Hamblin (1973) and Groenendijk and Stokhof (1984).
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capture the accuracy-component, Dorst and Mandelkern require that V be truth-
directed:

Truth-directedness: V' (p) > V_(p).

This is just to say that true guesses are better than false ones. In addition, Dorst and
Mandelkern make the simplifying assumption that false guesses never have any
positive or negative answer-value (i.e., V" (p) = 0), and hence that true guesses
always have a positive answer-value (i.e., V7 (p) > 0).* This allows us to simplify
the expression for the expected answer-value of a guess as follows:

E(p) = P(p) - V' (p).

Since V™ (p) has dropped out of the equation, I will henceforth refer to V*(p) simply
as “the answer-value of p.”

So much for the accuracy-component. What about the specificity-component? Just
as true guesses are better than false ones, specific guesses are better than unspecific
ones. So, V' should not only be truth-directed, but also specificity-directed:

Specificity-directedness: V*'(p) is an increasing function of p’s specificity.

To make this requirement precise, we obviously need to say more about what
determines the specificity of a guess—we need a measure of specificity. What
should such a measure look like? We have said that the specificity of a guess is
supposed to tell us something about how far the guess “narrows down” the set of
possibilities under consideration. And how far a guess can narrow down the set of
possibilities under consideration depends on the size of the question under
consideration: if the size of the question is quite large—i.e., if the question divides
up the set of possibilities in a quite fine-grained way—there is a potential to rule out
a large number of possibilities, whereas if the size of the question is quite small—
i.e., if the question divides up the set of possibilities in a quite coarse-grained way—
there is only a potential to rule out a small number of possibilities. To capture this
dependency, Dorst and Mandelkern propose to measure the specificity of a guess in
terms of the proportion of complete answers it rules out:

Dorst-Mandelkern specificity: The Dorst—Mandelkern specificity of a guess, p,
in response to a question, Q, is given by:

Som(p) =|Q|T|Cp,

where ¢, is the number of complete guesses, which are compatible with p: ¢, =
Hge Q:pngqg # D}l

* This assumption may not be entirely innocuous. For example, it’s natural to wonder whether it isn’t
better to make a specific false guess than an unspecific false guess, just as it is better to make a specific
true guess than an unspecific true guess. For the purposes of this paper, however, I'm happy to proceed on
the assumption that false guesses always have zero value or disvalue.
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If, for example, the question is “Which horse is going to win?,” then
Spm(Ajax) = 415, Spm(Benji or Dusty) = 3/5, Spm(Some horse will win) = 0, and
SO on.

Note that Spp(p) is a decreasing function of ¢, and an increasing function of IQI:
when ¢, =10l (i.e., when p includes every complete answer), Spm(p) = 0, and when
¢, = 1 (i.e., when p is itself a complete answer), Spm(p) = (101 — 1)/10l, which is a
quantity that approaches 1 as Q| approaches infinity. Hence, Dorst and Mandelk-
ern’s specificity measure faithfully captures the idea that a specific guess is one that
narrows down the space of possibilities under consideration, and that how far a
guess can narrow down the space of possibilities depends on the size of the question
under consideration. Later on, I will raise some concerns about their measure, and 1
will propose an alternative measure of specificity instead. But before I turn to the
critical part of the paper, I want to introduce the rest of Dorst and Mandelkern’s
account.

The final task is to capture the idea that different agents might have different
preferred accuracy-specificity tradeoffs. To this end, Dorst and Mandelkern
introduce a parameter, J, which is supposed to represent the degree to which an
agent values specificity relative to accuracy: the higher the value of J, the more the
agent values specificity relative to accuracy.” Thus, the answer-value of p should be
an increasing function of J, just as it should be an increasing function of p’s
specificity. From a purely mathematical point of view, there are many different
measures of answer-value that satisfy this constraint, but Dorst and Mandelkern opt
for the following measure (for reasons I will review shortly):

Dorst-Mandelkern answer-value: The Dorst—Mandelkern answer-value of a
guess, p, in response to a question, Q, is given by:

Vi(p) = JSm®) — jlel-c)/iel,
where J > 1.

So, for example, if the question is “Which horse is going to win?,” VgM (Ajax) =J 15 s
Vi (Benji or Dusty) = J*°, Vi (Some horse willwin) = J, and so on. Note that
Vim(p) is indeed an increasing function of both J and p’s specificity (except when
J =1, in which case Vj,,(p) = 1 regardless of the value of Spy(p), which reflects
the fact that the agent places no weight at all on specificity).

Given this measure of answer-value, the expected answer-value of a guess
becomes:

Epm(p) = P(p) - J5MP)P(p) . Jlel-e)/10l.

What Dorst and Mandelkern’s account says, then, is that p is a permissible guess iff
there is no other guess, g, such that Epp(q) > Epm(p)-

4 <1 alludes to William James (1896) who famously discussed a similar tradeoff between the epistemic
goals of believing what is true and not believing what is false.
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To illustrate how their account works, consider again the horse race example:

Ajax Benji Cody Dusty Ember
60% 18% 14% 6% 2%

Which guess has the highest expected Dorst-Mandelkern answer-value? It depends
on the J-value: given a low enough J-value, the best guess will simply be the most
probable answer, which is always going to be the entire disjunction (‘Some horse
will win’). Given a high enough J-value, the best guess will be the most probable
complete answer (‘Ajax’). And for intermediate J-values, the best guess will be
either ‘Ajax or Benji’, ‘Ajax, Benji, or Cody’, or ‘Ajax, Benji, Cody, or Dusty’, in
order of decreasing J-value (as illustrated by Fig. 1).

Why think this is the right way of implementing the idea that good guesses
optimize an agent’s preferred accuracy-specificity tradeoff? Dorst and Mandelkern
helpfully address this question by considering various putative constraints on good
guesses, which their account satisfies. Here is one such constraint (which Dorst and
Mandelkern attribute to Holguin 2022, §10):

Filtering: A permissible guess is always filtered: if it includes a complete answer,
p, it must include all complete answers that are more probable than p.

The motivation behind Filtering is straightforward: if p isn’t filtered, there must
exist two complete answers, a and a’, such that (i) a is less probable than a’, and (ii)
p includes a, but not a’. We can then define an alternative guess, p’, which is
identical to p except that it includes a instead of a. Given this, p and p’ are equally
specific (they include the same number of complete answers), but p’ is more

Ajax
Ajax or Benji

Ajax, Benji, or Cody

Ajax, Benji, Cody, or Dusty

1 // Some horse will win

05

Expected Dorst-Mandelkern answer-value

J

Fig. 1 Expected Dorst-Mandelkern answer-value of various horse race guesses, depending on the J-
value

@ Springer



Good guesses as accuracy-specificity tradeoffs 2031

probable than p, which means that p’ is a better guess than p regardless of one’s
preferred accuracy-specificity tradeoff.
It’s worth noting that Filtering can be equivalently formulated as follows”:

No accuracy-dominance: A permissible guess is never accuracy-dominated,
where p accuracy-dominates p’ iff ¢, < ¢, and P(p) > P(p').

This formulation of Filtering makes it even clearer why it must hold: it follows
immediately from the idea that accurate guesses are, all else being equal, better than
inaccurate ones. Furthermore, it makes salient a different constraint, which Dorst
and Mandelkern do not explicitly discuss, but which their account satisfies:

No specificity-dominance: A permissible guess is never specificity-dominated,
where p specificity-dominates p’ iff ¢, < ¢,y and P(p) > P(p').

Like No Accuracy-Dominance, this constraint is easy to motivate: it follows
immediately from the idea that specific guesses are, all else being equal, better than
unspecific ones. This also means that neither constraint offers much help in deciding
between different measures of answer-value: all they tell us is that our measure of
answer-value must be truth-directed and specificity-directed.

However, Dorst and Mandelkern consider an additional constraint (also from
Holguin 2022, §10) which places considerably more stringent demands on a
measure of answer-value:

Optionality: For any question, Q, and any k: 1 < k < |Ql, some accuracy-
specificity tradeoff renders it permissible to guess the disjunction of exactly
k complete answers.

We can think of this constraint as saying that it is “up to the agent” to decide how
many complete answers they want to include in their guess. For example, in the
horse race scenario, you may include anywhere from one to five horses in your
guess, depending on your preferred accuracy-specificity tradeoff. As we have seen,
this is precisely what Dorst and Mandelkern’s account predicts (see again Fig. 1).
That is no accident: as Dorst and Mandelkern show, their account satisfies
Optionality in full generality.

Why think that an account of good guesses should satisfy Optionality? Dorst and
Mandelkern’s main motivation—which can also be found in Holguin (2022, §10)—
comes from reflecting intuitively on the kinds of answers one might sensibly give in
response to a question like “Which horse is going to win?”. It clearly makes sense
to guess the outright favorite ‘Ajax’. But if you prefer to take a less opinionated
stance, it could also make sense to make a disjunctive guess like ‘Ajax or Benji’ or
‘not Ember’. And if you really don’t want to stick your neck out, it could even make

5 Proof: If p is accuracy-dominated by p', there must exist two complete answers, a and @, such that
(i) p includes a, but not ', (ii) p’ includes o, but not a, and (iii) P(a’) > P(a). But then p isn’t filtered.
And we have already seen that unfiltered guesses are accuracy-dominated. So, a guess is filtered iff it isn’t
accuracy-dominated.
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sense to answer ‘Some horse will win’ by reference to the fact that all five horses
have a non-zero chance of winning.

It seems, then, that the norms of guessing are quite permissive: they don’t force
us to include any particular number of complete answers in our guess. This is what
Optionality is supposed to capture. Eventually, I will offer some reasons to doubt
that something as strong as Optionality holds without exception. But at this point in
the dialectic, I just want to acknowledge that Optionality has a good deal of intuitive
appeal, which offers at least some prima facie support for Dorst and Mandelkern’s
account.

3 Problems for Dorst and Mandelkern’s account

I now want to raise some concerns about Dorst and Mandelkern’s proposal. The
concerns center around two putative constraints on good guesses, which I think an
account of good guesses should satisfy, and which Dorst and Mandelkern’s account
turns out not to satisfy. Below I introduce each constraint, explain why I find it
attractive, and show how Dorst and Mandelkern’s account violates it. This will then
lead to the positive proposal of the paper, which I will present in Sect. 4.

3.1 Neutrality

To illustrate the first concern, let us begin by considering a simple coin flip:

Heads Tails
50% 50%

Compare the guesses ‘Heads’ (‘H’) and ‘Heads or Tails’ (‘H v T”). Which is better?
It clearly depends on your preferred accuracy-specificity tradeoff: if you value
accuracy to a high enough degree, ‘H v T" will be the better guess, and if you value
specificity to a high enough degree, ‘H’ will be the better guess. In other words, for
low enough J-values, ‘H v T" will be the better guess, and for high enough J-values,
‘H’ will be the better guess. Given this, we should expect that, if we set J at just the
right intermediate value, ‘H’ and ‘H v T" will be tied: neither guess will be better
than the other. This is exactly what Dorst and Mandelkern’s account predicts: ‘H’
and ‘H v T" have the same expected Dorst-Mandelkern answer-value iff J = 4.° So
far, no problem.

S Calculation: Epym(p) = Epm(pv~p) <
0.5-J2-D12=1.j2-22 &
0.5-J'2=1 <
J=4. &
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But now suppose we replace the coin with a six-sided die:

1 2 3 4 5 6
1/6 1/6 1/6 1/6 1/6 1/6

Let us again compare one of the maximally specific guesses, say ‘1°, to the entire
disjunction ‘1 v2v3v4v5v6’. Which is better? When J = 4, it turns out that ‘1’
has a lower expected Dorst-Mandelkern answer-value than ‘1 v2v3v4v5ve6’.’
In other words, Dorst and Mandelkern’s account predicts that when you are
indifferent between ‘H’ and ‘H v T°, you won’t be indifferent between ‘1’ and ‘1 v 2
v3v4v5ve6e. And you won’t be indifferent between the various intermediate
guesses (‘1 v2’, ‘1 v2 v 3’, and so on) either: when you are indifferent between ‘H’
and ‘Hv T, you will consider ‘1 v2 v 3 v 4’ to be the uniquely best guess in the die
roll case (see Fig. 2 for an illustration).®

This strikes me as an odd result. There doesn’t seem to be anything unnatural
about being indifferent between ‘H’ and ‘H v T° while also being indifferent
between ‘1’, ‘1 v2v3v4v5v6’, and the various intermediate guesses in the die
roll case (‘1 v2’, ‘1 v2 v 3’, and so on). On the contrary, it seems possible to justify
such a guessing pattern by reference to the fact that when the probability
distribution over the complete answers is flat, there is a sense in which you have
nothing to go on when forming your guess—your guess won’t be informed by
anything. Of course, you might still prefer some guesses over others on the grounds
that you are risk-averse or risk-seeking. But it’s natural to think that there should be
a “risk-neutral” perspective from which all guesses look equally good or bad when
the probability distribution is flat.

If this isn’t already clear enough, the following decision-theoretic analogy may
help drive home the point. Suppose you are offered the following bets by a fair
bookie who assigns equal probability to ‘Heads’ and ‘Tails’ respectively:

Bet Probability ~ Payoff
H Y2 $2
HvT 1 $1

If you had to take one of these bets, which one would you pick? It clearly depends
on how risk-averse or risk-taking you are: if you are risk-averse, you will prefer to
bet on ‘H v T", and if you are risk-taking, you will prefer to bet on ‘H’. But if you

7 Calculation: Epp(1) = (1/6) - JO™ V6 =053 <1 = (6/6) - JO O = Epp(1 v2v3v4v5ve6).

8 of course, since the probability distribution is uniform, ‘1 v 2 v 3 v 4’ will be tied with any other four-
cell guess (‘2v3v4v5, ‘1v3v5ve,etc.), so the more precise thing to say is that any four-cell guess
will have a higher expected Dorst-Mandelkern answer-value than any guess which doesn’t include
exactly four complete answers.
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Expected Dorst-Mandelkern answer-value
~

Fig. 2 Expected Dorst-Mandelkern answer-value of various die roll guesses (setting J = 4)

p

are risk-neutral, you will be indifferent between the bets, since each bet has an

expected value of $1.

The same goes for the following set of bets:

Bet Probability ~ Payoff
1 1/6 $6
1v2 2/6 $6/2
1v2v3 3/6 $6/3
1v2v3v4 4/6 $6/4
1v2v3vdvs 5/6 $6/5
1v2v3v4v5vo 6/6 $6/6

Again, which bet you will prefer depends on how risk-averse or risk-taking you are:
if you are sufficiently risk-averse, you will prefer to bet on the entire disjunction ‘1 v
2v3v4v5v6’, andif you are sufficiently risk-taking, you will prefer to bet on ‘1°.
But if you are risk-neutral, you will be indifferent between the bets, since each bet

has an expected value of $1.

It is natural, then, to suppose that there exists a risk-neutral perspective from
which all of the above bets look equally good. And although I don’t want to make
any general claims about the relationship between guessing and betting, I submit
that guessing is similar to betting in this respect: it is very natural to suppose that

@ Springer



Good guesses as accuracy-specificity tradeoffs 2035

there exists a risk-neutral perspective from which all guesses look equally good
when the probability distribution is flat.

If this is right, then an account of good guesses should satisfy the following
constraint:

Neutrality: Some accuracy-specificity tradeoff is “risk-neutral” in the sense that,
for any question, Q, if the probability distribution over the complete answers to
Q is flat (that is, if each of the complete answers has a probability of 1/1Ql), all
guesses, whether complete or disjunctive, have the same expected answer-value.

Yet, as we have seen, Dorst and Mandelkern’s account fails to satisfy Neutrality.
This is the first concern I wanted to raise.

Before we move on to the second concern, it’s worth pausing to consider whether
something stronger than Neutrality might hold. We have just said that there exists a
neutral accuracy-specificity tradeoff when the probability distribution is flat. Given
this, it is natural to wonder whether there might always exist a neutral accuracy-
specificity tradeoff, even when the probability distribution isn’t flat. Might there
exist an accuracy-specificity tradeoff relative to which all guesses are equally good,
regardless of what the probability distribution looks like?

I think the answer to this question is negative. Consider the following version of
the horse race example:

Ajax Benji Cody Dusty Ember
50% 40% 5% 3% 2%

Suppose you are indifferent between ‘Ajax’ and ‘Ajax or Benji’. What does this tell
us about your preferred accuracy-specificity tradeoff? Presumably, it tell us that you
are not vastly more concerned with accuracy than specificity, or else you would
have preferred ‘Ajax or Benji’ to ‘Ajax’. Conversely, it tells us that you are not
vastly more concerned with specificity than accuracy, or you would have preferred
‘Ajax’ to ‘Ajax or Benji’. Instead, you prefer a fairly balanced tradeoff between
accuracy and specificity. We can then ask: given your preferred accuracy-specificity
tradeoff, how will you rate ‘Ajax, Benji or Cody’ in comparison to ‘Ajax or Benji’?
Presumably, you won’t think that the very modest boost in accuracy (5 percentage
points) makes up for the relatively significant loss of specificity.” In other words,
you will consider ‘Ajax, Benji or Cody’ to be a worse guess than ‘Ajax or Benji’,
and hence a worse guess than ‘Ajax’ as well. So if you are indifferent between
‘Ajax’ and ‘Ajax or Benji’, it looks like you won’t be indifferent between ‘Ajax’,

‘Ajax or Benji’ and ‘Ajax, Benji or Cody’.'"

° If this isn’t already clear, we can always lower Cody’s winning chances by adding more horses to the
race.

19 As the reader can verify for herself, Dorst and Mandelkern’s account and the account proposed in this
paper both have this implication.

@ Springer



2036 M. Skipper

Of course, this doesn’t show that the probability distribution must be flat for there
to exist an accuracy-specificity tradeoff relative to which all answers are equally
good. But it shows that we shouldn’t in general expect such a neutral accuracy-
specificity tradeoff to exist unless the probability distribution is flat.

3.2 Independence of irrelevant alternatives (for guessing)

The second concern I want to raise for Dorst and Mandelkern’s proposal can be
illustrated with another simple example. Suppose a golf tournament is about to start.
As so often before, Tiger Woods is the heavy favorite, followed by Phil Mickelson
at a distant second:

Woods — Mickelson Other
98% 1% 1%

Compare the guesses ‘Woods’ and ‘Woods or Mickelson’. Which is better? It’s
clear that “‘Woods’ is a good deal more specific than ‘Woods or Mickelson’ while
being only slightly less probable. So if you place at least a bit of weight on
specificity, you will presumably consider “Woods’ to be a better guess than “Woods
or Mickelson’. This is precisely what Dorst and Mandelkern’s account predicts:
‘Woods’ has a higher expected Dorst—-Mandelkern answer-value than ‘Woods or
Mickelson’ iff J > 1.03."" So far, no problem.

But now let us suppose that instead of lumping all of the competitors to Woods
and Mickelson together into one category, ‘Other’, we separate them out (let us say
that there are n such players):

Woods  Mickelson Py P, P,
98% 1% 1%/ n 1%/ n 1%/ n

Effectively, we have made the option ‘Other’ more fine-grained. Should such fine-
graining make a difference to whether ‘Woods’ is a better guess than “Woods or
Mickelson’? According to Dorst and Mandelkern’s account, the answer turns out to
be ‘yes’. Their account predicts that as we increase the value of n—that is, as we
increase the number of competitors— ‘Woods or Mickelson’ eventually overtakes
‘Woods’ as the best guess.

To illustrate this, let us suppose that J = 5. Given this, we have seen that “Woods’
has a higher expected Dorst—-Mandelkern answer-value than ‘Woods or Mickelson’
when n = 1 (this corresponds to the original scenario in which ‘Other’ is the only
other option). But once we start increasing the value of n, “Woods or Mickelson’
eventually overtakes “Woods’ (as shown in Fig. 3). The same thing can be shown to
happen regardless of how high we choose the J-value to be. That is to say, no matter

Epm(Woods) > Epy(Woods or Mickelson) <
' Calculation: 0.98 - JG~1D/3 > 0,99 . j3-2)/3 =
J > 1.03.
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4.9 Woods or Mickelson

Woods

47

Expected Dorst-Mandelkern answer-value

46

50 100 150 200 250 300
n

Fig. 3 Expected Dorst-Mandelkern answer-value of “Woods’ and “Woods or Mickelson’, depending on
n (setting J = 5 as an illustration)

how much you value specificity, “Woods or Mickelson’ will eventually overtake
‘Woods’, once the number of competitors becomes sufficiently high.'”

Again, this strikes me as an odd result. We have just said that “Woods’ looks
considerably more specific than “Woods or Mickelson’ while being only slightly
less probable. So if you value specificity to a high enough degree, it would seem
perfectly natural to guess “Woods’ rather than “Woods or Mickelson’, regardless of
how many other players happen to share the residual 1% of the probability mass.

I want to suggest that this is an instance of a more general problem. The more
general problem is that, on Dorst and Mandelkern’s account, whether one guess is
better than another depends on which other guesses are available. In other words,
Dorst and Mandelkern’s account fails to satisfy the following constraint:

Independence of irrelevant alternatives (for guessing): If p is a better guess
than ¢ relative to Q, then for any question Q* such that (i) the set of complete

12 Here is another way of putting essentially the same point: as we increase the number n, we can ask
how much we need to increase the J-value to ensure that “Woods’ remains a better guess than “Woods or
Mickelson’. The answer turns out to be that the minimum J-value required to ensure that
Epm(Woods) > Epp(Woods or Mickelson) approaches infinity as n approaches infinity. Here is the
relevant calculation:

Epm(Woods) > Epy(Woods or Mickelson) &
0.98 - J(2+n+n—l)/(2+n) > 0.99 - J(2+n—2)/(2+n) o

J > (0.99/0.98)*™",

which approaches infinity as n approaches infinity.
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answers to Q which are compatible with p is identical to the set of complete
answers to Q* which are compatible with p, and (ii) the set of complete answers
to Q which are compatible with ¢ is identical to the set of complete answers to Q*
which are compatible with g, then p is a better guess than g relative to Q*.

Put differently, whether one guess is better than another relative to a given
accuracy-specificity tradeoff should only depend on the probabilities of the guesses
and the number of complete answers with which they are compatible, not on the size
of the question. This constraint mirrors a more familiar principle from rational
choice theory—call it “IIA for Preferences” to distinguish it from “IIA for
Guessing”—which says that whether one option is preferable to another shouldn’t
depend on which other options are available. For example, according to IIA for
Preferences, whether you prefer Créme Briilée to Tarte Tatin shouldn’t depend on
whether there is also Mille-feuille on the dessert menu.'? Similarly, according to IIA
for Guessing, whether one guess is better than another shouldn’t depend on which
other guesses are available. For example, whether ‘Woods’ is a better guess than
‘Woods or Mickelson’ shouldn’t depend on how many other players happen to share
the residual 1% of the probability mass.

Like many who have found ITA for Preferences to be an intuitive constraint on
rational preferences, I find IIA for Guessing to be an intuitive constraint on good
guesses. This is not to say that the two principles stand or fall together. Indeed, one
of the most common challenges to ITA for Preferences does not, I think, have similar
force against IIA for Guessing. Consider the following putative counterexample to
ITA for Preferences, due to Sen (1993, p. 501):

Polite cake-eating: You are choosing between slices of cake. You are trying to
choose as large a slice as possible, subject to not choosing the very largest (you
don’t want to appear greedy). Accordingly, when choosing from the menu
{Small, Medium}, you prefer the small slice over the medium slice, but when
choosing from the menu {Small, Medium, Large}, you prefer the medium slice
over the small one.

As has often been pointed out, it is unclear whether a case like this really constitutes
a genuine counterexample to IIA for Preferences, or whether it just shows that we
need to be careful about how to individuate the available options.'* But however

13 Here I'm deviating slightly from traditional formulations of IIA, which say that whether one option is
preferred to another should not depend on the removal of irrelevant alternatives—see, e.g., Chernoff
(1954), Sen (1969, 1971), and also Arrow (1951), though his principle of the same name concerns the
relationship between individual and social preferences rather than the relationship amongst an
individual’s preferences. On the present formulation, IIA also says that whether one option is preferred
to another should not depend on the addition of irrelevant alternatives, thereby making the present
formulation equivalent to the so-called “Weak Axiom of Revealed Preference” which is often taken as a
consistency requirement on an individual’s preferences (cf. Samuelson, 1938, 1948).

4 For example, rather than describing an option as “medium piece of cake,” one might describe it as
“medium piece of cake, which is/is not the largest one available,” in which case the Polite Cake-Eating
case becomes consistent with IIA for Preferences. See Rulli and Worsnip (2016) for a discussion of this
line of response.
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this may be, the parallel challenge to ITA for Guessing is much less compelling.
Consider the following analogue of Sen’s example:

Cheap guesses: You are guessing which horse is going to win the race. You are
trying to choose a likely winner, subject to not picking the very biggest favorite
(you consider that to be “too cheap”). Accordingly, when choosing from {Cody,
Benji}, you prefer guessing ‘Cody’ over ‘Benji’, but when choosing from {Cody,
Benji, Ajax}, you prefer guessing ‘Benji’ over ‘Cody’.

Although this case has the surface structure of a counterexample to IIA for
Guessing, it seems clear that you are not really expressing your best guess here.
Rather, you are performing a kind of speech act which may be influenced by various
pragmatic factors having nothing to do with the accuracy or specificity of your guess
(say, an aversion against making guesses that are hard to pronounce, or an aversion
against making guesses that remind you of your ex-partner)."”

There is, however, a different way one might try to push back against IIA for
Guessing. Consider the following variation on the golf case:

Woods  Mickelson Py P, P,
50% 40% 10%/n 10%/n 10%/n

Again, we want to compare ‘Woods’ and ‘Woods or Mickelson’, for different
values of n. For concreteness, let us focus on n =1 vs. n = 100:

Woods  Mickelson Py
n=1
50% 40% 10%
Woods  Mickelson 2 P, Pioo
n=100
50% 40% 0.1% 0.1% 0.1%

Suppose you consider ‘Woods’ to be a better guess than ‘Woods or Mickelson’
when n = 1. We can then ask: should you also consider ‘Woods’ to be a better guess
than ‘“Woods or Mickelson’ when n = 100? According to IIA for Guessing, the
answer is ‘yes’ (assuming that your preferred accuracy-specificity tradeoff doesn’t
change). But you might think that it can be reasonable to guess ‘Woods or
Mickelson’ when n = 100, even if you prefer to guess “‘Woods’ when n = 1. After
all, when n = 100, Tiger Woods and Phil Mickelson “stand out” as the two clear
favorites in a way that they don’t when n = 1. In other words, there is a sense in
which ‘“Woods and Mickelson’” becomes an increasingly salient guess as n increases.
Given this, it might seem natural to switch guesses from ‘Woods’ to ‘Woods or
Mickelson’ as n increases from 1 to 100.

!5 Here I'm in broad agreement with Dorst and Mandelkern who distinguish the speech act of guessing
from the cognitive attitude of guessing, only the former of which may be influenced by pragmatic factors.
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Although this way of thinking has some intuitive appeal, I find it difficult to
uphold the intuition on reflection. Imagine that you and your friend are about to
watch a golf tournament featuring three professional players: Woods (50%),
Mickelson (40%), and Mcllroy (10%). During the warm-up session, your friend
asks: “Who do you think is going to win?” You answer: “Woods.” A moment later,
a sad announcement is made: Mcllroy is forced to withdraw due to a knee injury.
Instead, the organizers have decided to let 100 amateur golfers compete, each with a
0.1% chance of winning. In light of these changes, your friend asks again: “Who do
you now think is going to win?” You answer: “Woods or Mickelson.”

This strikes me as an odd response; and the reason why it strikes me as an odd
response, I think, is that it’s hard for me to see how it could matter whether the
residual 10% of the probability mass is distributed across a hundred players or just
one, even if this makes a difference to how clearly Woods and Mickelson stand out
as the two biggest favorites. Perhaps not everyone will share this intuition. I
certainly don’t purport to have given a decisive argument for ITA for Guessing here.
But I think enough can be said in its favor to make it worthwhile exploring whether
we can formulate an account of good guesses that satisfies it.

4 An alternative proposal

I now want to offer an alternative account of good guesses, which avoids the
concerns raised. The account is in many ways congenial to Dorst and Mandelkern’s
account: it also says that good guesses optimize a tradeoff between accuracy and
specificity. But the underlying measure of specificity is different. Rather than
measuring specificity in terms of the proportion of complete answers a guess rules
out, I propose to measure specificity in terms of the following log-ratio:

Specificity: The specificity of a guess, p, in response to a question, Q, is given by:

S(p) = log@,
Cp
where ¢, is the number of complete guesses which are compatible with p:
cp,={geQ:pngqg # B},

Before we explore the consequences of adopting this measure of specificity, I want
to highlight some of its properties.

The first thing to observe is that S(p) is a decreasing function of c,, and an
increasing function of |Ql: when ¢, = 10|, S(p) = 0, and when ¢, = 1, S(p) = log(IQ)),
which is a quantity that approaches infinity as |Ql approaches infinity. In this respect,
our new specificity measure is similar to that of Dorst and Mandelkern: both
measures faithfully capture the idea that a specific guess is one that narrows down
the space of possibilities under consideration, and that how far a guess can narrow
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down the space of possibilities depends on the size of the question under
consideration.

The second thing to observe is that our new specificity measure bears
resemblance to Shannon’s (1948) classic measure of information, according to
which the amount of information contained in a proposition, p, is given by log(1/
P(p)). When the probability distribution over the complete answers is flat—that is,
when each complete answer has a probability of 1/IQl—the probability of p is given
by ¢,/IQl, which means that the specificity of p reduces to S(p) = log(1/P(p)). So
when the probability distribution is flat, the specificity of a proposition is identical to
its Shannon information.'®

This also means that our new measure of specificity inherits certain features of
Shannon’s measure of information. For example, S(p) has no finite upper bound: it
ranges from 0 to log(IQl), which is a quantity that approaches infinity as IQI
approaches infinity. By contrast, Dorst and Mandelkern’s measure of specificity
does have a finite upper bound: it ranges from 0 to (IQl — 1)/IQl, which is a quantity
that approaches 1 as |Ql approaches infinity. Although I won’t place much weight on
this difference, it seems to me that, insofar as we have an intuitive grip on the notion
of specificity, there should be no upper limit on how specific a guess can in principle
be, just as there is no upper limit on how informative a proposition can in principle
be. But as I said, I won’t rest anything much on this point. The proposed measure of
specificity will earn its keep by helping us solve the problems raised in the previous
section.

With our new specificity measure in hand, we can define the answer-value of a
guess as follows:

Answer-value: The answer-value of a guess, p, in response to a question, Q, is
given by:

V+(p) — JS) — Jlog(\Q\/Cp)’
where J > 1.

Accordingly, the expected answer-value of p becomes:
E(p) = P(p) - IS = P(p) - Joe(10l/cr)

This is the quantity that, I propose, one should try to maximize when forming one’s
guess: a guess, p, is permissible iff there is no alternative guess, g, such that

E(q) > E(p).

16 Someone might wonder why we can’t simply identify the specificity of p with its Shannon
information. The reason for this is that the specificity of p—unlike the informativeness of p—is supposed
to be independent of how probable p is. For example, the guesses ‘Ajax’ and ‘Ember’ should count as
being equally specific, even though ‘Ajax’ is much more probable than ‘Ember’. By contrast, the notion
of informativeness which Shannon sought to capture is supposed to be inversely related to a proposition’s
probability, the idea being that it isn’t very surprising to learn that p is true if you’re already quite
confident of p. So, for example, ‘Ajax’ should count as being much less informative than ‘Ember’, even
though both propositions are equally specific.
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How does this account compare to that of Dorst and Mandelkern? Both accounts
satisfy No Accuracy-Dominance and No Specificity-Dominance, since both
accounts are based a on truth-directed and specificity-directed measure of answer-
value. But unlike Dorst and Mandelkern’s account, our new account satisfies
Neutrality and ITA for Guessing as well, whereas it doesn’t satisfy Optionality. Let
us consider each of these constraints in turn.

The following result shows that our new account satisfies Neutrality (see
Appendix A for a proof):

Point of neutrality: Let p and g be arbitrary guesses in response to a question, Q,
and suppose that the probability distribution over the complete answers to Q is
flat. Then E(p) = E(q) iff J = e.

We can think of J = e as the “point of neutrality” from which one can become more
risk-averse or risk-seeking by lowering or raising the J-value.'” For example, in the
die roll case, the best guess will be the entire disjunction ‘1 v2v3v4v5v6 when
J < e; the six complete answers (‘1°, 2°, ‘3’ etc.) will tie for best when if J > e;
and all guesses will be equally good when J = e (see Fig. 4 for an illustration).

Next, consider IIA for Guessing. We have seen that Dorst and Mandelkern’s
account violates ITA for Guessing in cases like the following:

Woods — Mickelson Py Py . P,

98% 1% 1%/ n 1%/ n 1%/ n

Even if ‘Woods’ starts out as a better guess than “Woods or Mickelson’ for low
values of n, Dorst and Mandelkern’s account implies that, as n increases, ‘Woods or
Mickelson’ eventually overtakes ‘Woods’. By contrast, our new account implies
that if ‘Woods’ starts out as a better guess than ‘Woods or Mickelson’ for low
values of n, it remains better no matter how much we increase the value of n (as
illustrated by Fig. 5). This can be shown to hold in full generality: whether one
guess has a higher expected answer-value than another depends only on the
probabilities of the guesses and the number of complete answers with which they
are compatible, as required by IIA for Guessing (see Appendix B for a proof).
Finally, consider Optionality. Like Dorst and Mandelkern’s account, our new
account predicts a fairly high degree of optionality when it comes to deciding how
many complete answers to include in one’s guess. Here is a simple example:

Ajax Benji Cody

50% 30% 20%

'7 There is nothing special about Euler’s constant here, except that it is the chosen log base. If we had
chosen a different log base, say 10, the point of neutrality would instead have been J = 10.
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Fig. 4 Expected answer-value of various die roll guesses, depending on J

On our new account, each of the three filtered guesses (‘Ajax’, ‘Ajax or Benji’, and
‘Ajax, Benji or Cody’) can be made to have the highest expected answer-value by
choosing the right J-value: ‘Ajax’ is best when J < 1.73; ‘Ajax, Benji or Cody’ is
best when J > 1.97; and ‘Ajax or Benji’ is best otherwise (see Fig. 6).

However, unlike Dorst and Mandelkern’s account, our new account doesn’t
satisfy Optionality in full generality. Consider what happens if we change the
probability distribution in such a way that Benji and Cody have almost the same
winning chances:

Ajax Benji Cody
50% 26% 24%

On Dorst and Mandelkern’s account, it will still be possible to pick a J-value
relative to which ‘Ajax or Benji’ is a permissible guess.'® But no such J-value exists

'8 As is easily verified, the following inequalities are jointly satisfied iff 2.28 < J < 3.51:

Epm(Ajax) < Epm(Ajaxor Benji) &  Epm(Ajax, Benjior Cody) < Epm(Ajax or Benji) <
0.5 - JlogB/N) < 0.77 - Jloe3/2) & 1-JweB/3) < .77 . Jlos(3/2)
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50 Woods

Woods or Mickelson

Expected answer-value

n

Fig. 5 Expected answer-value of “Woods’ and ‘Woods or Mickelson’, depending on n (setting J = 5 as
an illustration)

on our new account.'” Why not? The mechanism is illustrated in Fig. 7: for low J-
values, ‘Ajax, Benji or Cody’ is a better guess than both ‘Ajax’ and ‘Ajax or Benji’
in virtue of having a higher probability. But once we start increasing the J-value,
‘Ajax’ and ‘Ajax or Benji’ both eventually overtake ‘Ajax, Benji or Cody’ in virtue
of being more specific. And, as it turns out, ‘Ajax’ closes the gap to ‘Ajax, Benji or
Cody’ more quickly than does ‘Ajax or Benji’. As a result, ‘Ajax or Benji’ never
gets to be the best guess: it always loses to either ‘Ajax’ or ‘Ajax or Benji’ (or both).
Are such violations of Optionality a feature or a bug of the proposed account?
Like Dorst and Mandelkern, I find it very plausible that an account of good guesses
should be quite permissive when it comes to deciding how many complete answers
to include in one’s guess. But I doubt that something as strong as Optionality holds
in full generality. Consider what happens if we further change the horse race
example so that Benji and Cody end up with exactly the same winning chances:

19 If “Ajax or Benji’ were a permissible guess, the following two inequalities would have to hold:

E(Ajax) <E(AjaxorBenji) & E(Ajax, Benjior Cody) < E(Ajax or Benji) <
0.5 - J10eB/) <077 - JloeB/2) & 1. Jloe3/3) < .77 . Jloe(3/2)

Yet it is simple to show that no J-value renders both inequalities true. So, on our new account, no
accuracy-specificity tradeoff makes it permissible to include exactly two complete answers in your guess.
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1AF avb

1 ovbve

Expected answer-value

09

Fig. 6 Expected answer-value of ‘Ajax’, ‘Ajax or Benji’, and ‘Ajax, Benji or Cody’, depending on J,
where the probability distribution is {Ajax: 50%, Benji: 30%, Cody: 20%}

Ajax Benji Cody
50% 25% 25%

As Dorst and Mandelkern themselves observe, there is something rather odd about
guessing ‘Ajax or Benji’ in such a case. What explains this? Dorst and
Mandelkern’s suggestion is this: although it is permissible to guess ‘Ajax or
Benji’, people tend to avoid making guesses that crosscut “clusters” of complete
answers with similar probabilities. So, for example, people tend to prefer J-values
that allow them to guess either ‘Ajax’ or ‘Ajax, Benji or Cody’ in a case like that
above.

This is perhaps a natural enough explanation of the intuitive oddness of guessing
‘Ajax or Benji’. But another natural explanation, it seems to me, is that guessing
‘Ajax or Benji’ is indeed prohibited, as predicted by our new account. I'm not sure
how to adjudicate between these rival explanations in isolation from other
supporting considerations, such as those laid out previously in the paper. But it
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1 avbvc

Expected answer-value

Fig. 7 Expected answer-value of ‘Ajax’, ‘Ajax or Benji’, and ‘Ajax, Benji or Cody’, depending on J,
where the probability distribution is {Ajax: 50%, Benji: 26%, Cody: 24%}

seems to me that the intuitive case for Optionality is much less compelling than one
might have initially thought.

There is, however, a residual worry that one might have about the violations of
Optionality engendered by our new account. Consider a schematic version of the
horse race example just discussed (where 0.25 < x < 0.5):

a b ¢
50% x 50% - x

As we have seen, our new account violates Optionality when x = 26%, but not when
x = 30%. Given this, we should expect that there exists a threshold, 7, such that
Optionality is violated iff x < t. This is precisely what we find: in the case at hand,
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x=0.26 x=027

Expected answer-value
Expected answer-value

Expected answer-value
Expected answer-value

Fig. 8 Expected answer-value of a, a v b, and a v b v ¢, depending on J, for different values of x

the threshold turns out to be # ~ 0.274.%° But what could explain the existence of
such a seemingly arbitrary cut-off? That is the worry.

I think the worry can be at least partly assuaged by observing that the threshold in
question is not introduced by hand, but rather falls out as a consequence of an
independently motivated account of good guesses. The mechanism by which the
threshold arises is illustrated in Fig. 8: when the probabilities of b and ¢ are
sufficiently far apart, a v b overtakes a v b v ¢ before a does. But as the probabilities
of b and ¢ get closer and closer to each other, a gets closer and closer to overtaking
a v b v c before a v b does. And eventually, when the probabilities of b and ¢ get
sufficiently close, a does indeed overtake a v b v ¢ before a v b does, with the result
that Optionality is violated.

20 As is easily verified, the following inequalities can be jointly satisfied by some value of J iff
0.25 < x < 0.274:

E(a)<E(avb) & E(avbvc)<E(avbh) &
0.50 - JG-13) < (0.5 +x)J3 D3 & 1<(0.5+x)-J6-23
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Thus, there is a sense in which the threshold is not arbitrary at all: it is fully
explicable by how the proposed account works. Of course, this won’t bring peace of
mind to those who were hoping for a purely pre-theoretic explanation of why the
threshold in question exists. But I doubt that pre-theoretic considerations will take
us very far in deciding whether a threshold of this nature is acceptable. Either way, I
take comfort in the fact that the threshold is not a result of gerrymandering, but a
consequence of an independently motivated account of good guesses.

In sum, although I certainly haven’t argued decisively against Optionality here, I
am inclined to think that we should treat the putative counterexamples to
Optionality as an interesting, and perhaps somewhat surprising, consequence of—an
account of good guesses whose main attractions are that it gives us a simple and
elegant way to satisfy Neutrality and ITA for Guessing.

5 Conclusion

There is much to like about Dorst and Mandelkern’s account of good guesses. It is
based on a simple and attractive idea, that good guesses optimize a tradeoff between
accuracy and specificity, and it offers a precise implementation of this idea which
lends itself to systematic investigation. Nonetheless, I have argued that their
implementation fails to satisfy some plausible constraints on good guesses, and I
have offered an alternative implementation that satisfies these constraints. Although
the positive proposal of the paper differs from Dorst and Mandelkern’s proposal in
some important respects, it retains the basic idea that good guesses optimize a
tradeoff between accuracy and specificity. Thus, I would like to think that the
considerations put forth in this paper do not undermine Dorst and Mandelkern’s
overall project, but in fact vindicate it.

Appendices

Appendix A: Proof of point of neutrality

Let Q be a question with n complete answers, and suppose the probability
distribution over the complete answers is flat:

YA P2 3 V2
1/n 1/n 1/n 1/n

We must show that, for any p and g, E(p) = E(q) iff J = e. We begin by taking the
derivative of E(p; v p, v --- v p;) with respect to i:
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n
i

E(pivpav---vp;) :%’Jlog() =

dE(pivp2v---vp)  (log(d) — 1) - J°)

di n
We then solve the equation w =0 for J:

(log(s) = 1) - /**()

— =0 <«
n
log(J)-1=0 <
J=e.

What this shows is that E(p; v po v --- v p;) is a constant function of i iff J = e. Thus,
E(p) = E(g) iff J = e.

Appendix B: Proof of IIA for guessing

Let p and g be arbitrary answers to a question of size n, and let d(n) be the difference
between the expected answer-values of p and g:
d(n) = E(p) — E(g) = P(p) - /**(5) — p(g) - /().

To show that the proposed account satisfies IIA for Guessing, it suffices to establish
the following:

Case 1 If d(2) > 0, then d(n) = 0 has no solutions for n > 2.
Case 2 If d(2) = 0, then d(n) = 0, for all n > 2.

Case I: Suppose d(2) > 0. Then we have:

2

P(p) - J*%5) — P(g)- /@) > 0

P(p) P(q)
log(|pl) = log(lgl)’

We then try to solve the equation d(n) = O:

2

4|

P(p) 'JIOg(ﬁ) —P(q) -J"’g(ﬁ) =0
P(p) _ Plg)
log(|p[)  log(lql)’

which is inconsistent with the inequality above. Thus, if d(2) > 0, then d(n) = 0 has
no solutions for n > 2.

Case 2: Suppose d(2) = 0. Then we have:
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P(p) .Jl‘)g(ﬁ) — P(q) .Jl"g(ﬁ) =0
P(p) _ Plg)

log(|pl) ~ log(lql)”

As we have seen, this equality is equivalent to the claim that d(n) = 0, for all n > 2.
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